We present an analytic three-loop calculation for thermodynamic quantities of the O(n) symmetric φ 4 theory below T c within the minimal subtraction scheme at fixed dimension d = 3. Goldstone singularities arising at an intermediate stage in the calculation of O(n) symmetric quantities cancel among themselves leaving a finite result in the limit of zero external field. From the free energy we calculate the threeloop terms of the amplitude functions f φ , F + and F − of the order parameter and the specific heat above and below T c , respectively, without using the ǫ = 4−d expansion. A Borel resummation for the case n = 2 yields resummed amplitude functions f φ and F − that are slightly larger than the one-loop results. Accurate knowledge of these functions is needed for testing the renormalization-group prediction of critical-point universality along the λ-line of superfluid 4 He. Combining the three-loop result for F − with a recent five-loop calculation of the additive renormalization constant of the specific heat yields excellent agreement between the calculated and measured universal amplitude ratio A + /A − of the specific heat of 4 He. In addition we use our result for f φ to calculate the universal combination R C of the amplitudes of the order parameter, the susceptibility and the specific heat for n = 2 and n = 3. Our Borel-resummed three-loop result for R C is significantly more accurate than the previous result obtained from the ǫ-expansion up to O(ǫ 2 ).
Introduction
Field-theoretic perturbative calculations of the critical behavior of O(n) symmetric systems with n > 1 below T c are known to be considerably more complicated than those of Ising-like (n = 1) systems. The difficulties for n > 1 are due to the existence of transverse fluctuations of the order parameter (in addition to the ordinary longitudinal fluctuations of n = 1 systems) which, in the long-wavelength limit and at vanishing external field, have a vanishing restoring force. This implies the existence of massless Goldstone modes [1, 2] which yield infinite transverse and longitudinal susceptibilities [3] and which cause infrared (Goldstone) singularities at intermediate stages of perturbative calculations of all thermodynamic quantities on the coexistence curve below T c . These complications for n > 1 have prevented calculations of the equation of state and of amplitude functions below T c to higher than two-loop order [4] [5] [6] , in contrast to the case n = 1 below T c where accurate Borel resummation results based on five-loop perturbation theory are available [7] [8] [9] [10] .
Higher-order calculations of the amplitude functions below T c for the case n = 2 are of primary importance in view of the proposed theoretical research [11] parallel to the considerable experimental effort [12] to test the universality prediction of the renormalization-group theory [13] along the λ-line of 4 He. The amplitude functions contain the information about universal ratios [13] of leading and subleading amplitudes near criticality that have previously been used as fit parameters in the data analysis [14, 15] because of the lack of accurate predictions for these universal ratios. The amplitude functions are also a crucial ingredient in a nonlinear renormalization-group analysis [16] [17] [18] (equivalent to a resummation of the whole Wegner correction [19] series) in a wide temperature range including non-asymptotic and non-universal effects.
In the present paper we perform the next necessary step towards the goal of an accurate determination of amplitude functions by presenting the analytic results of a three-loop calculation within the O(n) symmetric φ 4 theory above and below T c for general n. Specifically, from the free energy we shall derive the amplitude function f φ of the order parameter and the amplitude functions F ± of the specific heat above and below T c in the limit of vanishing external field. The conceptual framework of our calculation is the minimally renormalized massive φ 4 field theory at fixed dimension d = 3 [5, 17, 20] , without using the ǫ = 4 − d expansion, involving an appropriately defined pseudo-correlation legth ξ − [5, 6] that is applicable to both n = 1 and n > 1 below T c . Our d = 3 approach differs from Parisi's [21] original suggestion of the d = 3 field theory and from the d = 3 field theory of subsequent work [7, 9, [22] [23] [24] where renormalization conditions rather than the minimal renormalization scheme were used. Our combination of the minimal subtraction scheme with the field theory at fixed 2 < d < 4 has several advantages, such as the independence of renormalization constants on whether T > T c or T < T c which implies a natural decomposition of correlation functions into amplitude functions and exponential parts where the structure of the latter is independent of whether T > T c or T < T c . The same exponential parts can then be used, without modification, in extensions of the theory to critical dynamics [25] or to critical phenomena in confined systems above and below T c [26] .
Our approach has been successfully employed recently [6] in deriving various amplitude functions, including f φ and F ± , for general n below T c in two-loop order. In three-loop order, the technical difficulties related to the removal of ultraviolet divergences in three dimensions and to the treatment of spurious infrared (Goldstone) divergences are substantially greater. The concept of the minimally renormalized d = 3 field theory turns out to constitute an appropriate framework for coping with these difficulties. This requires to further develop new integration techniques based on recent advances by Rajantie [27] in the analytic evaluation of three-loop integrals in three dimensions. In particular we succeed in calculating two "Mercedes" diagrams with two different (longitudinal and transverse) masses that were not considered previously.
The perturbation series of the φ 4 theory are known to be divergent and to require resummations [28] in order to yield reliable results. The three-loop terms derived in the present paper make possible to perform Borel resummations that lead to results with reasonably small error bars. In a related paper [10] this was shown for F − . In the present paper we demonstrate this for the case of f φ . For the example n = 2 the Borel resummed three-loop amplitude functions F − and f φ of the specific heat below T c and of the order parameter turn out to be slightly larger than the one-loop results. Application of the Borel resummed amplitude function F − to the universal amplitude ratio A + /A − of the asymptotic specific heat yields the theoretical prediction [10] A + /A − = 1.056±0.004 which is in excellent agreement with the high-precision experimental result [15] A + /A − = 1.054 ± 0.001 for 4 He near the superfluid transition obtained from a recent experiment in space. Furthermore we use our result for f φ to calculate the universal combination R C [13] of the amplitudes of the order parameter, the susceptibility and the specific heat for n = 2 and n = 3. Our Borel resummed three-loop result for R C is significantly more accurate than the previous result obtained from the ǫ-expansion up to O(ǫ 2 ) [29] .
Bare Helmholtz free energy
Throughout this paper we shall use the notation and definitions of Ref. [6] . We start from the O(n) symmetric φ 4 model with the Landau-Ginzburg-Wilson functional
for the n-component field φ 0 (x) = (φ 01 (x), . . . , φ 0n (x)) in the presence of the homogeneous external field h 0 = (h 0 , 0, . . . , 0). The spatial variations of φ 0 (x) are restricted to wavenumbers less than some cutoff Λ. We are interested in the bulk Helmholtz free energy Γ 0 (r 0 , u 0 , M 0 , Λ) per unit volume with M 0 ≡ φ 01 . Γ 0 is obtained from the negative sum of all one-particle irreducible vacuum diagrams. The structure of the analytic expression is (apart from an unimportant additive constant)
0 (r 0 , u 0 , M 0 , Λ) represent the two-and threeloop contributions shown in Fig. 1 , with longitudinal and transverse propagators G L (p) = (r 0L + p 2 ) −1 and G T (p) = (r 0T + p 2 ) −1 wherē see Appendix A.
We consider the limit Λ → ∞ (although neglecting cutoff effects may not be justified in certain cases [30] [31] [32] ). The right-hand side of Eq. (2) is ultraviolet divergent for Λ → ∞ at any d > 2. To absorb these divergences requires two different steps: a shift of the temperature variable r 0 (mass shift) and a subtraction from the free energy. The first step is to turn to the shifted variable r 0 − r 0c where r 0c (u 0 , Λ) is the critical value of r 0 [20] . Substituting r 0 = r 0 − r 0c + r 0c (u 0 , Λ) into Γ 0 yields the function d > 2 in the limit Λ → ∞ at fixed r 0 − r 0c , u 0 , M 0 . We have verified up to three-loop order that these ultraviolet divergences have a regular dependence on r 0 − r 0c (up to linear order in r 0 − r 0c for d < 4 and up to quadratic order in r 0 − r 0c for d = 4). Therefore it suffices to perform additional overall subtractions fromΓ 0 that are regular in r 0 −r 0c . They do not affect the singular part of the temperature dependence of the free energy. The resulting singular part of the bare free energy is finite in the limit Λ → ∞ for 2 < d < 4 at fixed r 0 − r 0c .
Here we use the prescriptions of dimensional regularization at Λ = ∞ and employ the critical parameter r 0c in the form [20, 33] 
where the function S(ǫ) is finite for ǫ > 0 except for poles at d l = 4−2/l, l = 2, 3, . . . In our version of the d = 3 theory it is sufficient to work near d = 3 and, instead of r 0 − r 0c , to use a shifted variable r ′ 0 as defined by r 0 = r ′ 0 + δr 0 (u 0 , ǫ) with a simplified δr 0 (u 0 , ǫ) that contains only the d = 3 pole of r 0c (and not the poles at d l > 3 with l ≥ 3). Thus we use [6] [7] [8] δr 0 (u 0 , ǫ) = 1 π 2 (n + 2)
with ǫ = 4 − d and the finite constant
(the final results for the amplitude function do not depend on the choice of C(n) [6, 20] ). Correspondingly, instead ofr 0L andr 0T , we use the longitudinal and transverse parameters
In the limit d → 3 we then obtain the singular part of the bare Helmholtz free energy as a finite functionΓ(r ′ 0 , u 0 , M 0 ) whose two-loop expression has been derived recently (see Eq. (31) of Ref. [6] ).
We have been able to perform an analytic calculation of the three-loop contributions toΓ(r ′ 0 , u 0 , M 0 ) near the coexistence curve below T c and for M 2 0 = 0 above T c . The details of this calculation will be presented elsewhere. Some comments are given in Appendix A. The resulting bare perturbation expression for the Helmholtz free energy at r ′ 0 = 0 reads up to three-loop order at
is a non-perturbative parameter. Above T c its largest possible value isw(r ′ 0 , u 0 , 0) = 1 (when r ′ 0 > 0 and M 2 0 = 0 corresponding to T > T c at h 0 = 0). The smallest possible value ofw is attained on the coexistence curve well below T c where, at given r ′ 0 < 0 and to lowest order in
The coefficients F blk (w, n) depend onw and n and determine the contributions in b-loop order. The one-and two-loop coefficients are [6] 
The new three-loop coefficients F 300 and F 301 read in analytic form − (n − 1) w −1/2 + 2n − 6 + 8 ln 2 + 2w 1/2 3 +w 1/2 n 2 − 6n − 9 + 4(n + 1) ln 16w 9
In calculating the coefficients F 310 and F 320 below T c we have confined ourselves to the vicinity of the coexistence curve where an expansion with respect tow is justified. For the purpose of calculating the order parameter this expansion must include the terms of linear order inw whereas for the calculation of the specific heat all terms can be neglected that vanish in the limitw → 0. The latter statement applies to F 300 and F 301 as well. The result for the coefficients F 310 and F 320 is
The constants c 1 and c 2 are given by
and
Above T c , at M 2 0 = 0, the coefficients in Eqs. (11)-(16) are taken atw = 1 and the coefficients F 310 and F 320 do not contribute. All other coefficients F 3lk vanish. Eqs. (9)- (20) are the main result of our paper. They provide the basis for deriving the analytic form of the amplitude functions of the order parameter and the specific heat for general n. For the case n = 1, Eqs. Eq. (9) contains logarithms of the coupling u 0 as expected because of the nonanalytic u 0 dependence of δr 0 , Eq. (6). Furthermore, the terms proportional to n − 1 depend non-analytically on r 0T throughw −1/2 ,w 1/2 andw 1/2 lnw (and higher orders in the neglected terms). These non-analyticities will lead to perturbative terms in the derivatives of the free energy (with respect to M 0 ) that diverge when the coexistence curve is approached (T < T c , h 0 → 0). This is again the effect of the Goldstone modes that was found previously in two-loop order [6] . For O(n) symmetric quantities, however, these divergences should cancel among themselves [34] . This is indeed the case, at least up to three-loop order, for the square of the order parameter, the Gibbs free energy and for the specific heat as we shall see below.
3 Bare order parameter
This inversion should be performed iteratively at finite h 0 = 0. Several perturbative terms of ∂Γ/∂M 0 exhibit Goldstone singularities for h 0 → 0 below T c which arise from the three-loop terms ∼w −1/2 ,w 1/2 andw 1/2 lnw (after an expansion ofw dependent terms with respect to u 0 at h 0 = 0), in addition to the known [6] two-loop singularities, as well as from the expansion of oneand two-loop terms (with respect to u 0 contained in M 2 0 (r ′ 0 , u 0 , h 0 ) at finite h 0 ). We have verified that all Goldstone divergences cancel among themselves which leads to a finite result for M 2 0 as a function of r ′ 0 and u 0 in the limit h 0 → 0 at d = 3. This function reads for r ′ 0 < 0
− 48 ln 2 10(n − 1) ln 2 − 60(n − 1) ln 3 + 111n − 561
It contains the expected [6] logarithmic u 0 dependence ∼ u 2 0 ln u 0 at threeloop order. The logarithmic terms in u 0 can be absorbed by employing the pseudo-correlation length [5, 6] ξ − as a temperature variable below T c instead of r ′ 0 < 0. The relation between r ′ 0 and ξ − is determined by the two-point vertex function and is given up to three-loop order by (see Appendix B)
This leads to the bare perturbative expression for the square of the order parameter M 2 0 (ξ − , u 0 , 3) that is finite in three dimensions and is free of logarithms of u 0 ,
with the coefficients up to two-loop order [6] ,
and the new three-loop coefficient
For n = 1, Eqs. (24)-(28) agree with Eq. (3.13) and the numerical values in Table 2 of Halfkann and Dohm [8] .
4 Bare Gibbs free energy
The bare Gibbs free energyF is determined by the bare Helmholtz free energy and the order parameter as
Above T c we obtain the Gibbs free energyF + (r ′ 0 , u 0 ) at h 0 = 0 by substituting M 0 = 0 andw = 1 intoΓ. From Eqs. (9)-(16) we find at d = 3
for r ′ 0 > 0. Below T c we make a perturbative expansion ofF, Eq. (29), in u 0 at h 0 = 0 and take the limit
The result is at d = 3 
As expected, all Goldstone divergences cancel among themselves in this limit. The terms of O(w 1/2 ), O(w 1/2 lnw) and O(w) in Eqs. (15)-(18) do not contribute to the free energyF − (r ′ 0 , u 0 ) and to the specific heat ∂ 2F − (r ′ 0 , u 0 )/(∂r ′ 0 ) 2 on the coexistence curve because these terms vanish in the limit h 0 → 0 (w → 0). Therefore, for the purpose of an application to the specific heat in Ref. [10] , it was sufficient to evaluate most of the diagrams in Fig. 1 directly at r 0T = 0 (w = 0), see also App. A. This simplification, however, is not applicable to the calculation of the order parameter performed in the present paper.
We note that the functionF − (r ′ 0 , u 0 ) can also be considered as the Helmholtz free energyΓ(r ′ 0 , u 0 , M 0 ) below T c in the limit where M 0 approaches the spontaneous value M 0 (r ′ 0 , u 0 ), Eq. (22), of the order parameter on the coexistence curve. Thus the Helmholtz free energy remains finite in this limit, as expected [34] . In order to expressF ± in terms of the correlation lengths ξ ± we use (see Appendix B)
for r ′ 0 > 0 and r ′ 0 (ξ − , u 0 ) as given in Eq. (23) for r ′ 0 < 0. (We recall that, for d = 3, the right-hand side of Eq. (33) contains a logarithmic u 0 dependence only at O(u 2 0 ), as can be seen in Eq. (4.5) of Ref. [20] for ǫ = 1. The same comment applies to Eq. (23).) Substituting Eqs. (33) and (22) into Eqs. (30) and (32) yields the Gibbs free energy up to three-loop order
andF
with the coefficients up to two-loop order
a (Γ) −2 = − 1 3456π 2 54n 2 − 737n − 394 + 432(n − 1) ln 3 (38) and the new three-loop coefficient 
For n = 1 this Gibbs free energy is given for T < T c in Eqs. (3.14) , (3.15) and Table 2 of Ref. [8] where it is denoted byΓ −0 (ξ − , u 0 ). The logarithmic contributions O(u 3 0 ln(u 0 ξ ± )) in Eqs. (34) and (35) correspond to Eq. (3.15) of Ref. [8] and are due to a specific d = 3 divergent diagram arising only at fourloop order [7] . Its pole term is to be subtracted within the overall subtractions mentioned in Section 2.
Bare specific heat
The specific heat abve (+) and below (−) T c at h 0 = 0 is determined by [5, 6] 
whereΓ 
Unlike the corresponding two-loop result [6] forΓ (2, 0) ± , the three-loop terms ofΓ (2,0) ± contain a logarithmic u 0 -dependence (as long as they are considered as a function of r ′ 0 ). This can be absorbed by turning to the formulation in terms of the correlation lengths ξ ± [5, 20] . The relation between r ′ 0 and ξ ± is given in Eqs. (33) and (23) . This leads to the bare perturbative expression for the specific heat at h 0 = 0 that is finite in three dimensions and is free of logarithms in u 0 , Γ (2,0)
andΓ
a (2,0) Table 2 of Halfkann and Dohm [8] .
Renormalization and amplitude functions in three dimensions
In the preceding Sections no renormalizations have been used, except for the shift of the temperature variable r 0 by δr 0 , Eq. (6), and for the additive subtraction of the Helmholtz free energy. All other quantities are unrenormalized. Because of the super-renormalizability of the φ 4 theory for d < 4, the shift of δr 0 and the additive subtraction are sufficient to make the order parameter M 2 0 (ξ − , u 0 , 3) and the vertex functionΓ (2,0) ± (ξ ± , u 0 , 3) finite at infinite cutoff in three dimensions as long as ξ ± is finite. The resulting bare perturbation series in Eqs. (24) , (44) and (45), however, are obviously not applicable near T c where u 0 ξ ± diverges, thus the series have to be mapped from the critical to the non-critical region. This mapping is achieved by turning to the renormalized theory as defined below and by introducing the renormalization scale µ which can be varied via the renormalization-group equation (RGE) [35] . The solution of the RGE implies a decomposition of thermodynamic quantities into a product of amplitude functions and exponential parts. This decomposition is most natural and simple within the minimal subtraction scheme [36] where the exponential parts are determined entirely from the pure d = 4 pole terms ∼ ǫ −n of the renormalization constants Z r (u, ǫ), Z u (u, ǫ), Z φ (u, ǫ) and A(u, ǫ) [5, 20] . As shown previously [5, 17, 20] , the use of these pure pole terms does not imply the necessity of working near four dimensions and of using the ǫ-expansion. This is a nontrivial aspect of the minimal subtraction scheme that is not widely appreciated in the field-theoretic literature. Here we make use of the fact that the minimal subtraction scheme can well be combined with the concept of a φ 4 theory at fixed dimension d < 4.
Our d = 3 approach differs from the d = 3 approach of previous work [7, 9, [21] [22] [23] [24] where renormalization conditions were used. These renormalization conditions are different above and below T c whereas the minimal renormalization applies to both T > T c and T < T c in the same form. Within our scheme the minimally renormalized quantities are introduced in d dimensions as
where ξ ± are the correlation lengths defined in Refs. [5, 20] and
is a convenient geometric factor [17] . We recall that the amplitude functions to be defined in Eqs. ± . The critical behavior of these quantities then evolves from the infrared divergences of the Z-factors Z i (u, 1) as u → u ⋆ [20, 23] and from the singular behavior of A(u, 1) as u → u ⋆ [26] .
Dimensionless amplitude functions f φ , F + and F − of the renormalized order parameter and specific heat can be defined at fixed dimension 2 < d < 4 according to
These functions remain finite also in the limit d → 4 (at finite ξ ± ) [5, 20] provided that the appropriate subtractions (including all additive pole terms for d < 4) have been performed in Sect. 2. In the application of the solution of the RGE the amplitude functions appear in the form [5] with the non-critical arguments µξ ± = 1 in three dimensions (1, u, 3) .
These functions should be smooth and well behaved in the entire region 0 ≤ u ≤ u ⋆ [20] . They have the power series
with n-dependent coefficients. These series have a zero radius of convergence but are (presumably) Borel resummable [20, 28] (see Sect. 7) . Note that the coefficients of these series depend on the choice of the geometric factor A −1 d . Our choice, Eq. (53), minimizes the explicit dimensional dependence of the lowest order coefficients in Eqs. (57)-(59) [5, 17, 20, 37] and is expected to improve the convergence properties of the series. This is of relevance in the context of Borel resummations based on low-order information.
From Eqs. (24) , (44) and (45) we obtain the analytic expressions of the coefficients for the order parameter 
for the specific heat above T c ,
and for the specific heat below T c , 
The terms up to O(u) are the previous two-loop results [5, 6] . In Table 1 we give the numerical values of the coefficients c − ϕm , c + F m and c − F m up to three-loop order for n = 1, 2, 3 as obtained from Eqs. (60)-(70).
For n = 1 the numerical values of the coefficients c − ϕm given previously [8] agree with ours up to eight digits. The difference in the ninth digit is due to a numerical inaccuracy of the Z-factors in three dimensions that were available previously only in numerical form [38] . (A similar comments applies to the numerical values of the series for n = 1 [8] mentioned in the preceding Sections.) In the present work we have used the Z-factors in the analytic form for general n as given in Ref. [10] .
Numerical results of a six-loop calculation (above T c for n = 1, 2, 3) and of a five-loop calculation (below T c for n = 1) of the diagrams contributing to F ± in three dimensions have been presented by Baker et al. [22] , by Bagnuls and Bervillier [23] and by Bagnuls et al. [7] , respectively. On this basis the coefficients c + F m for n = 1, 2, 3 and c − F m for n = 1 were calculated in numerical form by Krause et al. [38] and by Halfkann and Dohm [8] who used a twoloop approximation for the additive renormalization constant A(u, ǫ). The Table 1 Coefficients corrected coefficients for c + F m for n = 1, 2, 3 and c − F m for n = 1 using A(u, ǫ) in five-loop order have been presented recently in numerical form [10] . Our present results, Eqs. (64)-(70), provide the analytic form of these coefficients up to three-loop order for general n. The three-loop coefficient c + F 2 has been calculated independently by Burnett [39] .
Results and discussion
Within the minimally renormalized φ 4 field theory in three dimensions we have derived the three-loop contributions to the amplitude functions f φ (u) of the square of the order parameter, Eqs. (57), (63), and to the amplitude functions F + (u) and F − (u) of the specific heat above and below T c , Eqs. (58), (66) and (59), (70) for general n. Similar to the previous results below T c for n = 1 [7, 8, 10] , the coefficients c − ϕm and c − F m for n = 2 and n = 3 given in Table 1 have alternating signs and increase considerably in magnitude. Clearly a resummation of these series is necessary in order to obtain quantitatively reliable results. For a description of the method of Borel resummation we refer to Refs. [20, 28] and, in the present context, to Ref. [10] .
While the previous two-loop results [6] did not yet provide sufficient information for a controlled resummation procedure and thus did not yet lead to an error estimate, the new information on c − ϕ3 and c − F 3 presented here makes possible to perform the Borel resummation for n > 1 below T c with reasonably small error bars. The reliability of this Borel resummation based on three-loop results (with four low-order coefficients, see Table 1 ) has been demonstrated in detail in a related paper [10] . We refer to this paper for a description of the method of determining the error bars. For the case n = 2 (corresponding to the superfluid transition of 4 He) the resummation result is
at the fixed point u ⋆ = 0.0362 [10] . In addition, using the new coefficient c − ϕ3 for n = 2 and n = 3, a Borel resummation of the fixed point value of the amplitude function f φ (u ⋆ ) has been performed by Mönnigmann [40] . (For this case the Borel resummation parameters b and α [20, 28] at the fixed point [40] . Thus the deviation from the zero-loop term c − ϕ0 = (32π) −1 ≈ 0.009947 is very small, confirming the previous expectation [5] .
The amplitude functions are of physical relevance not only at the fixed point but also in a finite interval 0 < u < u ⋆ corresponding to a finite distance from criticality where non-asymptotic corrections become non-negligible [18] . Since the Borel resummed amplitude functions F − (u) and f φ (u) are smooth and slowly varying functions for n = 1 (see Figs. 1 and 4 of Ref. [8] ) the same property should hold also for n = 2 and 3. Empirical evidence in support of this fact comes from analyses of experimental data of 4 He in the non-asymptotic region [16, 18, 41] . Therefore, within the accuracy of the present results, these functions can be approximated by the simple representations [8, 38] 
and In Figs. 2 and 3 we have plotted f φ (u) and F − (u) for n = 2 according to the representations in Eqs. (74) and (75) (solid lines), together with the zero-, one-, two-and three-loop approximations in the range 0 ≤ u ≤ u ⋆ (dashed lines).
The amplitude functions f φ (u) and F ± (u) enable us to calculate and predict (rather than fit) the various ratios of amplitudes of leading and subleading terms of the critical temperature dependence of the order parameter and the specific heat [5] . These ratios are universal quantities [13] .
As a first application we consider the specific heat which plays an important role in testing the renormalization-group prediction of critical-point universality along the λ-line of 4 He [11, 12] . Combining the three-loop result for F − (u ⋆ ), Eq. (71), with the recent [10] five-loop result for the additive renormalization constant A(u, ǫ) leads to the universal amplitude ratio [10] A + A − = 1.056 ± 0.004 (77)
for the asymptotic specific heat in three dimensions. This is in excellent agreement with the high-precision experimental result A + /A − = 1.054 ± 0.001 for 4 He near the superfluid transition obtained from a recent experiment in space [15] . Our result, Eq. (77), is a significant improvement over the previous prediction [4] A + /A − = 1.0294 ± 0.0134 obtained from the ǫ = 4 − d expansion up to O(ǫ 2 ) [42] .
As a second application we employ our Borel-resummed three-loop result for f φ to calculate the universal combination of amplitudes [13] 
where A χ and A M are the leading amplitudes of the susceptibility above T c and of the order parameter below T c , respectively [13] . The structure of the righthanded side of Eq. (78) follows from previous work [5, 38] . Here f ⋆ φ = f φ (u ⋆ ) is determined by Eqs. (72) and (73). The quantities P ⋆ = P (u ⋆ ), F ⋆ + = F + (u ⋆ ), B ⋆ = B(u ⋆ ) and f (2)⋆ = f (2) (u ⋆ ) have been calculated in Refs. [10] and [38] , respectively. The values for the critical exponents α and ν are given in Ref. [10] , the value of β is taken from Ref. [43] . The resulting values for R C in three dimensions are R C = 0.123 ± 0.003 , n = 2 , (79) R C = 0.189 ± 0.009 , n = 3 .
(80)
These results are significantly more accurate than the ǫ-expansion values [29] up to O(ǫ 2 ) whose extrapolation to ǫ = 1 suffers from considerable ambiguities [29] . The numerical estimate R C = 0.165 of high-temperature series expansions for n = 3 [44] is not far from our value, Eq. (80). Additional numerical and experimental studies would be desirable.
Further applications of our results will be given elsewhere. 
In our case, the masses m 2 i are given by r 0L or r 0T of Eq. (8) . Three of the diagrams in Fig. 1 are infrared divergent in the limit r 0T → 0 in three dimensions: type (B) with m 2 1 = m 2 4 = r 0L and m 2 2 = m 2 3 = m 2 5 = m 2 6 = r 0T , type (D) with m 2 1 = m 2 2 = m 2 5 = r 0L and m 2 3 = m 2 4 = r 0T and type (F) with m 2 1 = m 2 4 = r 0L and m 2 2 = m 2 3 = r 0T . The leading r 0T dependence of these diagrams appears in the terms of O(w −1/2 ) in Eqs. (15) , (17) and (18) . All other diagrams in Fig. 1 are free of infrared divergences in the limit r 0T → 0 at d = 3.
Most difficult is the evaluation of the "Mercedes" diagram (A), Eq. (A.1). It has been calculated by Rajantie [27] in three dimensions only for two special cases (i) where one of the masses m 2 i vanishes, or (ii) where all the masses are equal. The case (ii) corresponds to our first Mercedes diagram in Fig. 1 with m 2 i = r 0L and is given by Eq. (55) of Ref. [27] . The last two Mercedes diagrams in Fig. 1 , however, contain the two different (longitudinal and transverse) masses r 0L and r 0T . This case is considerably more difficult than the cases (i) and (ii) mentioned above. We have been able to calculate these diagrams for smallw = r 0T /r 0L > 0 in three dimensions as = r Regarding the d = 3 divergent diagram (E), the MS scheme was used in Ref. [27] which differs from our approach. Within our approach the result for diagram (E) near d = 3 is represented as
with γ ≡ C Euler being Euler's constant and ǫ = 4−d. The pole term ∼ (ǫ−1) −1 is cancelled by a term of order O(u 2 0 ) that arises from performing the mass shift r 0 = r ′ 0 + δr 0 in the one-loop contribution of the Helmholtz free energy. Eq. (A.9) corresponds to Eqs. (21) and (A.26) of Ref. [27] and Eq. (1) of the Erratum [27] . Note that in our Eq. (A.9) there is no additional parameter corresponding to the MS scale parameterμ of Ref. [27] .
B Correlation lengths in three-loop order
In this Appendix we derive Eqs. (33) and (23) . Above T c , the correlation length is defined via Following Ref. [6] we invert ξ + (r 0 , u 0 ), Eq. (B.1), and get the function r 0 (ξ + , u 0 ). Subtracting δr 0 = r 0 − r ′ 0 , Eq. (6), from r 0 (ξ + , u 0 ) and letting d → 3 we obtain Eq. (33) . Below T c we get r ′ 0 (ξ − , u 0 ), Eq. (23), at d = 3 as described in Ref. [6] .
